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The Projected Hyperbolic models General formulation

Consider an hyperbolic model: 0t( Z )+A( 'LUI )V( Z ) =0 (hyperbolic)
with H(t,x) eR™, U(t,x)eR" and A€ Mm+n(R)
with an underlying energy conservation law: at(é’(H) + % (U, U)H) =0. (E)
@ THE PROJECTED HYPERBOLIC MODEL (PH): reads D [Kazolea, Parisot]
H H H H 0 . . .
0t U )+A( U )V U ) = S( U )—( ¥4 (Q) ) , (S=Sources) bathymetry, friction, viscosity ...
Ly(U)=0, (Contrain)  UeAp={Vel?|Ly(V)=0}
V¥ (PYy =0, (Orthogonality) Pe Wi} (af;)
i
AH . ,
Yy (Q) o *e LH

(uonosfoud) =

u

AH
U:HAH(U*)
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@ Many dispersive models of waves (but not only!) satisfy this mathematical structure,
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@ Many dispersive models of waves (but not only!) satisfy this mathematical structure,
@ For any linear Ly (U), the energy conservation law (E) still holds,
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Ly(U)=0, (Contrain)  UeAp={Vel?|Ly(V)=0}
V¥ (PYy =0, (Orthogonality) Pe Wi} (af;)
1
AH . ,
Pr(Q) b g €Ly » Projection methods (hyperbolic)+(projection)
\O&\a %_ @ [Chorin'68] D [Parisot'19]
X (e}
«& &
< jé A » Pseudo-compressiblility methods (hyperbolisation)
un yn+l H [ [Chang, Kwak'84] [] [Favrie, Gavrilyuk'17]

@ Many dispersive models of waves (but not only!) satisfy this mathematical structure,
@ For any linear Ly (U), the energy conservation law (E) still holds,

© Similar to the compressible structure,
allows reuse of tools (analysis and numerical) from the literature.
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The Projected Hyperbolic models = Some numerical advantages

@ ENTROPY-SATISFYING AND HIGH ORDER SCHEMES FOR (PH): [5] [Parisot'19]
Application of @ [Guermond, Minev, Shen’06]
First order: um Second order: | Fourth order:
A W
oW cs N 8
: ) KS\N wn () M
Ap Ap Ap
un Un+l un Un+1 un Un+1
0.056 T T T
analytic Soliton (GN)

0.055 H (A1)5, =107 @@ (GN*) 5 =10"%

0.054

(
(
(

water depth

Martin PARISOT




The Projected Hyperbolic models Simple example: the KdV-BBM equation

Consider the simple (PH) model: with (c1,c,a) € R3

H=g A ( o O ) L(vg,vi) = vi +adxvp aaxl:;—;oaaxvlvl i *z(lj
= » A= ’ V) = > = t xW = —
U= (uw) 0 ¢ (V,V) = fR(vovovalvl)dx W= —adyu
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The Projected Hyperbolic models Simple example: the KdV-BBM equation

Consider the simple (PH) model: with (c1,c,a) € R3

H=g¢ B ( © O ) L(vg,vi) = vi +adxvp aaxlj'ccloaaxvl‘: i *Z(lj
= » A= ’ V) = > = t xW = —
U= (uw) 0 ¢ (V,V) = fR(vovovalvl)dx W= —adyu

> ldentification of the dual space Al={@®|VYVeA (V,0)=0}:

0=<v,c1>>=fR(v0<po—aaXv0¢1)dx=vao(<p0+aax¢1)dx =
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The Projected Hyperbolic models Simple example: the KdV-BBM equation

Consider the simple (PH) model: with (c1,c,a) € R3

H=g¢ A—( © O ) L(vo,vi[) = vy +adxvy aaxlj'ccoaaxvl‘: i :zo
U= (uw)’ 0 a )’ (V,V) = fR(VOVOvalVl)dx ¢ 1 XW : —aéxu

> ldentification of the dual space Al={@|VVeA (V,0)=

=(V,CD)=A(V0¢O—aaxvo¢1)dx=jl;evo((b0+aax¢1) x ©

» Identification of the right-hand side ¥ € AL:
Wo = —adxyq = adx (e w + c10xw) = —a (Do i+ 0x (€105 1))
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The Projected Hyperbolic models ~ Simple example: the KdV-BBM equation

Consider the simple (PH) model: with (c1,c,a) € R3

H=g¢ A—( © O ) L(vo,vi[) = vy +adxvy aaxlj'ccoaaxvl‘: i :zo
U= (uw)’ 0 a )’ (V,V) = fR(VOVovalVl)dx ¢ 1 XW : —aéxu

> ldentification of the dual space Al={@|VVeA (V,0)=

=(V,CD)=A(v0¢o—aaxvo¢1)dx=jl;evo((b0+aax¢1) x ©

» Identification of the right-hand side ¥ € AL:
Wo=—aldxW1 = adx (0w +c10xw) =—a (6txxu+ 0x (€10xxU))

» Replace in the first equation :
(1 - @205 ) 0r s+ codx = a?0x (c10x11) = 0

We recover the KdV-BBM equation.
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The Projected Hyperbolic models KdV-like models

@ THE PROJECTED HYPERBOLIC BBM MODEL:

H=9 A= Ur;gl 0 L(VOvVE) = vi+0xv
U= (uw)’ 0 ¢/ (v, V) :fR(voVo+v1V1)dx

is equivalent to the mBBM equation

(1 - a26xx)6tu+axum —a2dy (c10xxu)=0.
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The Projected Hyperbolic models KdV-like models

@& THE PROJECTED HYPERBOLIC CAMASSA-HOLM MODEL:

H=0 A_[ 3ut2K -w L(vov1) = vy +adxvo
U= (uw)’ - 0 u | (V,V) :f(v070+v1?1)dx
R

is equivalent to the Camassa-Holm equation

(1 - a26><x)6tu+ (3u+2K)6Xu—2a26xu6XXu— (x2u6XXXu =0.
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The Projected Hyperbolic models Boussinesg-like models

@ THE (PH) SERRE/GREEN-NAGHDI MODEL: Fernandez-Nieto, Parisot, Penel, Sainte-Marie'18
FN [ ]
H=h u h O Ly (vp,v1) = vi+ahdxvy
s A= o |, = ~ -
U = (u,w) ‘g 8’ " (V,\Vyy = fR(VOVOJrVIVI)th
is equivalent with a = % to the Serre/Green-Naghdi equation D [Lannes'13]

dth+0dx (hu) = 0
(1+9)0tu+udxu = —goxh—2(v)

1
with 77 (v) = - 50 (h0xv)

1
and 2 (v) =~ 320 (h%axxv— |axv|2)
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The Projected Hyperbolic models Boussinesq-like models

3> THE (PH) SERRE/GREEN-NAGHDI MODEL: Fernandez-Nieto, Parisot, Penel, Sainte-Marie'18
FN [ ]
H=h u h O Ly (vp,v1) = vi+ahdxvy
s A= o |, = ~ -
U = (u,w) ‘g 8’ " (V,\Vyy = f[R(VOVOJrVIVI)th
is equivalent with a = % to the Serre/Green-Naghdi equation D [Lannes'13]

dth+0dx (hu) = 0
(1+9)0tu+udxu = —goxh—2(v)

1
with 77 (v) = - 50 (h0xv)

1
and 2 (v) =~ 320 (h%axxv— |axv|2)

@ THE (ALMOST)-(PH) ABBOTT MODEL:

H-h ) u h 8 L(vg,v1) = vi +aDaxvy
, = u y 7 ~ ~
U= (uw) g 0 0 (V, V) = _[R(vov0+v1v1)Ddx
is equivalent with a = % to the Abbott equation.

A Not the same scalar product = lost of the energy conservation law
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The Projected Hyperbolic models Boussinesg-like models

@ THE (PH) SERRE/GREEN-NAGHDI MODEL: [ [Fernandez-Nieto, Parisot, Penel, Sainte-Marie'18]
u h 0 O vi +ahdxvy—pPvyox B
H=h Aol & v 00 Ly (vo v, v2) = (v2+yhaxvo )
U= (uw,0o)’ 10 0 w OV -~ _f ~ _ B
0 0 0 u V,\Viy = R(v0v0+v1v1+v2v2)hdx

is equivalent with a = =1land y= to the Serre/Green-Naghdi eq. [Lannes'13]
2 Y= \/g

0th+0x(hu) =0
14+9,)0tu+udxu = —goxh—24(v
b b

with 7 (v) = —3ihax [h3axv) +$ (ax (h2 VBXB) - hZaXBaXv) +10x B2 v

ande(v):—3—1’76X(h3vaxxv—laxv|2) ih(ax(h V20, B ) h2(v0XXv—|6Xv\2)6XB]
V20, Boy B
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The Projected Hyperbolic models Boundary condition of the time-discrete model

D [Noelle, Parisot, Tscherpel'22] Q
y w

M/ l What about bounded domains?
\

» The L%—scalar product can only
be defined on the wet domain,
Qu ={xeQ|h>0}
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The Projected Hyperbolic models Boundary condition of the time-discrete model

D [Noelle, Parisot, Tscherpel'22]
y

M/ l What about bounded domains?

» The L%—scalar product can only
be defined on the wet domain,
Qu ={xeQ|h>0}

» For any VeAy and ®ecAl, we have

0:<V,CI>),,:fa h21,l/1 u~ndx:f h2u/1 u~nd7(+f h2u/1 u~nd)(+f h21,1/1 u-ndy
Qu Ty Ty

with '), ={y€dQw | h=0} (given).
We must impose u-n on I'y; and hzu/l on I'y such that T'y uT'y =0Qy —

Wall Fixed state Outlet Inlet
dxh=0, u=0 h=H, u=U 0xh=0, u=u* hu=M, h?¢p; = HQ

Martin PARISOT 8 AL W, [ODELLING Projected hyperbolic models 8/16



The Projected Hyperbolic models Coupling of (PH) model

Ij [Kazolea, Parisot]

& COUPLING OF (PH) MODEL:
| HU | A Ly
u u h O \
GN _ hyg.
(GN) h'(w) g 8! 2 Ly —W+\/§V u
(SW) ha (” h )
g U

jected hyperbolic models
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The Projected Hyperbolic models Coupling of (PH) model

& COUPLING OF (PH) MODEL: [ [Kazolea, Parisot]
| HU | A | Ly
u u h O \
GN _ hy.
(GN) h,(W) g (LJI 2 Ly —w+\/§V u
u u h O
(5w) h, (w) g u 0 LW =w
0 0 wu
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The Projected Hyperbolic models

& COUPLING OF (PH) MODEL:

Coupling of (PH) model

D [Kazolea, Parisot]

| HU | A Ly
u h O
u GN _ hy.
(GN) h,(W) g g 2 Ly —W+\/§V u
u h O
u SW
(Sw) h,(W) g 81 0 LZV\ =w
u
Coupling (SW|GN) u u h O Lh:WJr“(X)LV'”
h,(W) - 0 (=l0  ifxea™
u )= ifxeqoy
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The Projected Hyperbolic models

& COUPLING OF (PH) MODEL:

Coupling of (PH) model

D [Kazolea, Parisot]

| HU | A Ly
u u h O \
GN _ hyg.
(GN) h'(w) g u 0 Ly —W+\/§V u
0 0 u
u u h O
(Sw) h, (w) g u 0 LV =w
0 0 u
Coupling (SW|GN) u u h O Lp=w+a(x) LV-L]
h'(W) g g 0 [0 ifxeQsV
Y =11 fxeqs
u u h 0 Lp=w+(ah+(l-a)D)V-u
Coupling (B|GN) h'(w) g u O (x)= 0 ifxeQ®
0 0 u IV ifxeQey
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The Projected Hyperbolic models Improved dispersion with (PH) models

& IMPROVED DISPERSION WITH (PH) MODELS:

@ [Kazolea, Parisot]

2
‘ H,U ‘ A ‘ Ly ‘ A
u h
(sW) h, (u) (g u) 1
u u h 0 \ L
(GN) h’(w) g u O w+ﬁaxu Frs AP
0 0 u 3
1.0
0.8
§II@O(%
U= 04
0.21
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The Projected Hyperbolic models

Improved dispersion with (PH) models

& IMPROVED DISPERSION WITH (PH) MODELS: @ [Kazolea, Parisot]

2

<

LT I R I A R

u h
Taylor expansion u 0 i A

El ’\;ld _f o | M lw AL wi = a;j(=h)' Oxu o
[Madsen, Sgrensen'92] 1..N 0 uly 1+Zi|ai|kH|l)
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The Projected Hyperbolic models Improved dispersion with (PH) models

& IMPROVED DISPERSION WITH (PH) MODELS: @ [Kazolea, Parisot]

nu | oA | o |
h
u

u
Taylor expansion .
D [l\illadsen SF;rensen’92] h, (W ! ) & u| wi—aj (_h)l 6;“ %
' N 0 uly 1+z,-|a,-|kH|')
h . Ly | @kt 2
Padé approximant g u w; — aj(-h) diu X NG

[3) Nwogu'o3] [ [choi22]| W1.N 0 u 0 | a:w — & (-h)olu 1+zi|ai|kH|i|2

<

XX — cAiry
=
=)

1
S
L

10-10
0
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The Projected Hyperbolic models Improved dispersion with (PH) models

& IMPROVED DISPERSION WITH (PH) MODELS: @ [Kazolea, Parisot]

2
| HuU | A Ly £
u
Taylor expansion u 0 iai 1
D [Madsen, Sgrensen’92] h, Wi . N g€ Wi ll,'(—h) axu Aas i|2
PRTY 1+5;|ejlkHI
u o alkH' |*
Padé approximant h Wu g 010 w; - a;(-h)' 8,u =% I\/ng
[ twwosv93) [ tehai2z) ™ | 2V u Ocw; — @i (=) 0T | Lokt
0
) . w+aphdxu
fully dispersive u — —
Duchéne, h (u) g ap= kh_tanh(kh) tanh(kH)
vI:rl?wi,kym \w 0 2(22 tanh(i(vh) kH
ahod kp: "the wave number"
h

ﬁ‘k l ap is a function of space, not of wave number.

= (R
20\




The Projected Hyperbolic models Improved dispersion with (PH) models

& IMPROVED DISPERSION WITH (PH) MODELS: @ [Kazolea, Parisot]

2
| AU | A Ly <
Taylor expansion u u h 0
—a:(=h) ol 1
D [Madsen, Sgrensen’92] h’(Wl N) £ vl Wi a’( h) axu Aas i|2
0 uly 1+z,|a,|kH| )
u h - a;lkH 2
Padé approximant Wu g u 00 w; - a;(—h)'_a)’(ﬂ 1-Y; i/gT
[ (Nwogu'ss) [ (choir22y| | 21N 0 [u[0 | orw - @(-h)olu 1+Zf|a;IkHI”2
1..M 0 0l u
fully di . b0 w+aphdxu
ully dispersive u — —
Duchéne, h (u) g u 0 ap= kh_tanh(kh) tanh(kH)
Israwi, \w ﬂztanh(rh) kH
Talhouk'16 0 0 u _
kp: "the wave number"

124 . .
-4 ﬁ7ll ayp is a function of space, not of wave number.

» Pic wave number (WN) and local FFT
» Closer monochromatic WN

g 1 'TY » Zero crossing WN
D N —== p Derivative approximation
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The Projected Hyperbolic models Improved dispersion with (PH) models

@ DISPERSION TEST CASE: For a given w

h(t)=h(50<t<70,40)

=

A 1
%!

S| 1
[N 1| &
o _ =
T sw h(x) = h(70,x) Absorb. | | Il
|1 1|8

[ S
S| |
Z| ! 1

< L J

I I I I
5m 20m 40m 45m
50m

Using mean-square approximation, we fit
b h(t)=1+fcos(p-wt)
b h(x)=1+7jcos(kx—)
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The Projected Hyperbolic models Conclusion

@ ADVANTAGES OF (PH) FOR MODELING:

VVyVvyyvw

v

Models always satisfy an energy conservation law
Give some information on the boundary conditions
Allow easy coupling of (PH) models
Allow improvement of properties

dispersion relation, shoaling coefficient, ...
Allow to include more physics

H: salinity, temperature, ...

U: shear/vorticity, ...

> ADVANTAGES OF (PH) FOR NUMERICS:

B>

B

B

Structure preserving schemes
entropy-satisfying, “curl”-free, ...
Well-Balanced schemes
preserve the moving steady state
Low cost high order schemes
only one implicite step
Dispersion adaptive schemes
solve dispersion only where and when it is useful
Parareal schemes
time parallelization (ask Lucas Perrin)

Martin PARISOT
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